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Abstract. The assessment of the ultimate load capacity of masonry domes and vaults
is a complex open issue of both professional and research concern. 3D curved geometry
of such structures entails biaxial stress states and highly nonlinear mechanical behaviors
which require advanced computational strategies to be rigorously dealt with.

This study focuses on the assessment of the capacity of masonry hemispherical domes
subjected to horizontal forces (such as those produced by wind and earthquake). In the
framework of Limit Analysis (LA), a parametric Membrane Equilibrium Analysis (MEA)
is proposed based on No-Tension (NT) material assumptions in the sense of Heyman: the
unilateral membrane must lay inside the boundary surfaces of the dome and the membrane
stress must have a non-positive concave potential. The membrane equilibrium problem
for the dome is then formulated in Pucher form and controlled by a few parameters to be
optimized. Two elementary examples are also provided to illustrate the method.
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1 INTRODUCTION
The assessment of the structural capacity under horizontal forces (e.g., wind, inertial

forces induced by earthquake etc.) of masonry domes or vaults is a challenging issue of
structural engineering of relevant practical importance [1]-[9]. This is a very complicated
problem, due to the interaction between biaxial stress on curved geometries and the
highly non-linear mechanical behavior of masonry material. A number of researchers
over the years have tried to develop complex Finite or Discrete Element (FEM, DEM)
numerical strategies, often with very sophisticated material models mimicking the actual
properties of masonry (such as anisotropy, plasticity, viscosity, damage and degradation
processes, non-linear behavior etc.) in some detail. The precision and the accuracy of
these models depend on the amount and quality of geometric and mechanical data used for
the simulations [10]-[17]. However, the number of uncertainties and randomness related
to the definition of such geometric and mechanical parameters make it arduous, not to
say impossible, to draw definite and correct masonry models. This observation opened
the way to a number of experimental approaches based, for example, on tilting tests on
scale models [18]-[21].

Many papers have appeared in recent years setting a new promising approach in the
framework of Limit Analysis, based on the application of the static and kinematic theo-
rems to admissible stress and strain fields [22]-[31]. They exploit the unilateral masonry-
like material model, also known as No-Tension (NT) model, dating back to the pioniering
works of Heyman [32] and Zienkiewicz [33]. The key advantage of such approach is that
no mechanical properties are required.

Inspired by the pioneering works of Angelillo and Fortunato and Angelillo et al. [34]-
[36], the present paper proposes an innovative and promising parametric approach based
on the Membrane Equilibrium Analysis (MEA) [37, 40]. The key idea is to extend the
Thrust Line Analysis (TLA), widely used for 2D equilibrium problems concerning arches,
to 3D dome or vault equilibrium problems. Equilibrium states of masonry domes can be
thought of as carried by an ideal membrane that due to Heyman’s assumptions, must be
compressed (i.e. the generalized stress is negative semi-definite) and entirely contained
within the dome volume. The membrane equilibrium is formulated in Pucher form [41]
in terms of two unknown scalar functions, namely the stress potential and the elevation
of the membrane. Then, the equilibrium equations are reduced to the transverse equilib-
rium only by introducing the Airy stress potential function. On adopting a form-finding
strategy, the shape on which the membrane stress acts is assumed as unknown in the
Pucher equation and tuned by a number of geometric parameters to be optimized. The
constrained optimization procedure consists in maximizing the value of the load factor
under the unilateral constraints related to the NT material assumption. The lines along
which the membrane surface approaches or crosses the limit surfaces of the dome (i.e.
the intradox or extrados surfaces) provide candidate lines of hinging at collapse. Such a
prediction can be easily cross checked with predictions obtained with experimental results.

The paper is organized as follows: Section 2 provides the mathematical preliminar-
ies on the membrane equilibrium problem and its formulation in terms of Pucher stress,
Section 3 presents the proposed parametric procedure and the adopted form-finding strat-
egy, Section 4 gives two trivial application of the proposed method to a hemi-spherical
dome with the sole aim of illustrating the method, finally concluding remarks and future
prospects are summarized in Section 5.
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2 MEMBRANE EQUILIBRIUM OF A DOME
2.1 Geometry: ”a la Monge” description

Let us consider a masonry dome subjected to its own weight and to the action of
horizontal body forces controlled by a load factor λ = (λ1, λ2) (Fig.1). With respect
to a right-hand orthogonal coordinate system O(x1, x2, x3), the geometry of membrane
surfaces can be conveniently represented by a Monge patch:

{x = (x1, x2, f(x1, x2)), (x1, x2) ∈ Ω} (1)

where f(x1, x2) is, in general, an arbitrary continuous function of its arguments (x1, x2)
and Ω is the so-called planform of the membrane, namely a connected plane region ob-
tained as projection of the inner or outer membrane surfaces (i.e. Si and Se) on the
x1x2-transverse plane.
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Figure 1: Section of a typical hemispherical dome in the x1x3-coronal plane.

The surface forces per unit projected membrane area, applied to the dome are

p = {λ1p, λ2p,−p} (2)

where p = btJ∗ is the dome self-load per unit projected area; t is the dome thickness
and J∗ is the area ratio between the loading surface and the planform. For the sake
of simplicity, we suppose that such forces are lumped to a conveniently chosen loading
surface Sp all contained in the dome thickness.

When the body force p is given, by tuning the load factor λ we search for a thrust surface
S (i.e. a membrane surface) which carries the applied loads and lays entirely within the
limit surfaces Si, Se of the masonry dome and capable of sustaining the applied loads
through purely compressive stresses.

2.2 Equilibrium
The equilibrium problem of the membrane S subjected to the surface force per unit

platform area p can be described through a Differential Geometry (DG) approach [34]
based on the Pucher formulation [41] as follow

S11,1 + S12,2 + λ1p = 0

S21,1 + S22,2 + λ2p = 0

S11f,11 + S22f,22 + 2S12f,12 − f,1λ1p− f,2λ2p+ p = 0

(3)
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where Sij is the ij Pucher stress component. Hereafter, we use the subscript notation (∗),i
to describe the partial differentiation of (∗) with respect to xi, and the subscript notation
(∗),ij to describe the second derivative of (∗) with respect to xi and xj (i, j = 1, 2).

The equilibrium of the Pucher stress in the planform can be solved on introducing a
stress potential, in the following way

S̃11 = S11 +
∫
λ1pdx1 = F,22

S̃12 = S21 = −F,12

S̃22 = S22 +
∫
λ2pdx2 = F,11

(4)

were F (x1, x2) is the so called Airy stress function, which here is assumed to be only
continuous (more detailed information with regard to the underlying assumptions can be
found in [34]). Based on the Airy solution (4) and setting hi(λi) =

∫
λipdxi (i = 1, 2),

the equilibrium equations (3) reduce to a single linear equation in the unknown stress
potential function F (x1, x2)

(F,22 − h1(λ1))f,11 + (F,11 − h2(λ2))f,22 − 2F,12f,12 − f,1λ1p− f,2λ2p+ p = 0 (5)

This is a second order Partial Differential Equation (PDE) in which the components of
the second fundamental form of the surface f(x1, x2) represent non-constant coefficients.
Depending on the definiteness of the Hessian of the shape function f the equation (5) can
be elliptic, hyperbolic or parabolic.

2.3 Constitutive restrictions
By assuming a Normal Rigid No-Tension (NRNT) material, the membrane stress tensor

S̃ must be negative semi-definite (S̃ ∈ Sym−) (see [34]), namely, in 3D Euclidian space

trS̃ ≤ 0 ∧ detS̃ ≥ 0 (6)

These conditions, in terms of the stress function F (x1, x2) read

F,11 + F,22 ≤ 0 ∧ F,11F,22 − F,12
2 ≥ 0 (7)

which means that the stress surface described by F (x1, x2) has to be concave.

3 METHODOLOGY: FORM-FINDING PROBLEM
By assuming that the shape f(x1, x2) of the membrane is known, the Boundary Value

Problem (BVP) for the unilateral membrane S consists in finding an admissible (i.e.
concave) stress function F (x1, x2) (i.e. compressive membrane stresses) satisfying the
equation (5) and either Dirichlet or Neumann boundary conditions:

F |∂Ω = g ∨ dF

dn

∣∣∣∣
∂Ω

= h (8)

where, ∂Ω is the projected boundary, i.e. the closed boundary of the platform Ω; g(x1, x2)
and h(x1, x2) are the moment and the shear forces generated by applying the projected
tractions on a 1D beam with the same form as ∂Ω. In other words, since the PDE (5) is
a second-order equation (rather than a fourth-order equation as happens in plane linear
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elasticity) we can choose to prescribe the normal or the tangential component (i.e. F or
dF
dn

) of the stress or even any combination of the two at the projected boundary, in a quite
equivalent manner.

At any fixed value of the load factor λ, the BVP problem formulated in these terms
admits a unique solution which, however, disregards the constitutive restrictions (7). Then
the equilibrium problem of the unilateral membrane S governed by Pucher’s equation (5)
can be reduced to a form-finding problem. We search in an assigned n-parameter family
of shape functions f(x1, x2, α1, α2, ..., αn), constrained to be entirely contained within the
dome volume and such that the Hessian is definite (i.e. a convex polynomial function),
the only one that provides a solution of the transverse equilibrium equation (5) which
fulfills the BVP as well as the concavity conditions (7). The parameters αi can represent,
for example, the size, the position or the asymmetry of the stress membrane S. The
restriction on the Hessian ensures that transverse equilibrium equation (5) is elliptic and
then easy to solve by a FEM-like numerical strategy. Then, to assess the ultimate load
capacity of the dome, i.e. the load factor λ, we can search for the maximum value of ∥λ∥
within the feasible region such that a concave solution of the BVP so defined exists (i.e.
F ∈ Sym−).

4 Numerical applications
The goal of this section is to illustrate how the method works through two trivial

examples. All examples consider a hemispherical dome with thickness–radius ratio (t/L)
equal to 0.2. It is also assumed that, without loss of generality, the horizontal load p is
settled to be constant per projected area and equal to {λp, 0,−p} defining the loading
surface Sp as

Sp = {(x1, x2, fp(x1, x2)) , (x1, x2) ∈ Ω} ; (9)

where fp(x1, x2) is the paraboloid (Fig. 2)

fp(x1, x2) = L

(
1− x1

2 + x2
2

t2

)
; (10)

L is the middle radius of the dome.Note that, for convenience purposes, all the geometrical
dimensions are adimensionalized with respect to the reference lenght L.

Figure 2: Loading surface Sp

The Pucher’s equation governing the equilibrium problem (5) is parametrically solved
for the shape f(x1, x2, α1, α2, ...) by using the PDEs tool implemented in Mathematica©
(Version 12) [42] and based on a triangular Finite Element discretization (Please refer to
[27] for more details).

4.1 Example 1
In the first example we choose an initial membrane shape corresponding to the paraboloid

(10). This shape is fully contained within the dome thickness but it is not dependent on
the geometrical parameters αi. The maximum value of λ at which the stress ceases to be
a negative semi-definite concave surface is λ = 0.35. Fig. 3 shows the principal stresses
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(a) (b)

Figure 3: Thrust surface Sp inside the dome (a) and principal stresses profile in the sagittal
plane for λ = 0.38 (b)

profile in the x2x3-sagittal plane for a value of λ = 0.38 that leads to tensile stresses
upwind with respect to the direction of the horizontal force.

In order to optimize the membrane shape f(x1, x2) = Sp, we have added to fp a conve-
nient shape function ∆f(x1, x2, α1, α2, ..., αn) , that is a cubic interpolating spline function
with an appropriate set of control points α1, α2, .., αn (i.e. maximum height, middle radius
and inflexion point of membrane shape). By numerically solving the parametric equilib-
rium equation 5 we obtain a class of membrane forms depending on the load factor λ.
By regarding the load factor λ as the objective function, the parameters α1, α2, ..., αn are
finally optimized by maximizing λ(α1, α2, ..., αn).

The so optimized membrane shape f(x1, x2, α1, α2, ..., αn) enables a significant increase
in the maximum value of λ at which the thrust surface is contained entirely inside the
dome and conditions (7) hold, namely λ = 0.42.

Fig. 4 shows the corresponding profile of the principal stresses corresponding to the
optimized solution in the x1x3-coronal and in the x2x3-sagittal planes. The contour plot
of the principal (minimum and maximum) projected stress values and the corresponding
isostatic lines are also reported.

4.2 Example 2
In this example we analyze a dome which displays a certain pattern of crack, due to

horizontal actions which exceed the limit value. In such a case the stress membrane is
not contained entirely in the dome (Figs. 5). Therefore, we allow for a small enlargement
of the extrados surface and look for the intersection of the membrane surface with the
original extrados surface Se. In this case, the maximum load factor such that the stress
is negative semi-definite is λ = 0.45. The contour plot of the minimum and maximum
principal stresses and the corresponding isostatic lines are reported in Figs. 5, in particular
the maximum principal stress almost vanish for x1 ∈ (−17,−5), leeward with respect to
the horizontal action. Notice that the isostatic lines corresponding to zero principal
stresses, are almost straight, meaning that the surface profile in such directions consists
of funicular lines. In Fig. 5b the profile of the curve of intersection of the optimized
membrane surface with the original extrados surface Si is shown (black lines).

5 CONCLUDING REMARKS
This paper presents a new parametric approach, based on the Membrane Equilibrium

Analysis, to the assessment of the load carrying capacity of masonry domes or vaults
under horizontal body forces. By using the MEA the load applied to a dome composed of
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Optimized thrust surface S corresponding to the optimal value of λ (a); prin-
cipal lines of curvature (b); principal stress profile in the coronal plane (c); principal
stress profile in the sagittal plane (d); contour plot of minimum and maximum principal
projected stress values (e,f)

unilateral Heyman material is lumped to a loading surface Sp and is carried by a thrust
surface S contained inside the masonry. By changing its shape f through the tuning of
a finite number of geometric parameters, the generalized membrane stress balancing the
loads as well as its projection on the planform change. The optimal value of the geo-
metric parameters, i.e. the optimal shape function of the stress membrane, is obtained
by maximizing the horizontal load multiplier λ, with the constraints that the generalized
stress is non-positive definite, the surface S is fully contained inside the dome volume and
the Hessian of the shape function f is positive definite (i.e. f belongs to a n-parameter
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Optimized thrust surface S (a); thrust surface S partially inside the dome (b);
contour plots minimum and maximum principal projected stress values contour plot (c,d);
principal stress profile in the sagittal plane (e); isostatic lines corresponding to projected
principal stress values (f).

function family of convex polinomia). The latter condition guarantees that the Pucher’s
equilibrium equation is elliptic and then easy to solve though a FEM-like numerical strat-
egy. The proposed approach can be applied to either design or assessment of ultimate
load capacity and can be easily extended to more complex geometries (i.e. thin-thick,
flatted or pointed domes and semi-circular, cross, Rib or Fan vaults) even though it needs
a substantial effort in terms of implementation.
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